Abstract. In this paper, we study the relationship between eigenvalues and the existence of certain subgraphs in regular graphs. We give a condition on an appropriate eigenvalue that guarantees a lower bound for the matching number of a t-edge-connected d-regular graph when t ≤ d − 2. This work extends some classical results of von Baebler [Comment. Math. Helv., 10 (1937) B, 99 (2009), pp. 287-297]. We also study the relationships between the eigenvalues of a d-regular t-edge-connected graph G and the maximum number of pairwise disjoint connected subgraphs in G that are each joined to the rest of the graph by exactly t edges.
1. Introduction. The eigenvalues of a d-regular graph G are closely related to many important properties of G (see [5, 11, 15] ). In particular, the second largest eigenvalue of G is closely related to the edge-distribution of G. When S and T are subsets of vertices of G, denote by [S, T ] the set of edges with one endpoint in S and one endpoint in T , and let e(S, T ) = |[S, T ]|. If G is a d-regular n-vertex graph with second largest eigenvalue λ 2 and S a nonempty proper subset of V (G), then e(S, V (G) \ S) ≥ (d − λ 2 )|S|(n − |S|) n .
A set M of edges of a graph G is a matching if each vertex of G is contained in at most one edge of M . The matching number α (G) is the maximum size of a matching in G. A graph is t-edge-connected if the removal of any t − 1 edges does not disconnect it. The eigenvalues of G are the eigenvalues of its adjacency matrix. The adjacency matrix of G has its rows and columns indexed by the vertices of G, and the (i, j)-th entry of A is 1 if i and j are adjacent and 0 otherwise. If G has n vertices, then let λ 1 (G), . . . , λ n (G) be its eigenvalues indexed in nonincreasing order. It is well known that if G is a connected d-regular graph, then λ 1 = d > λ 2 and λ n ≥ −d with equality if and only if G is bipartite.
In this paper, we show that many other eigenvalues of a regular graph G are related to the existence of various substructures in G. A well-known result in graph theory due to von Baebler [1] (for d odd) and Berge [2] states that any d-regular (d−1)-edge-connected graph contains a perfect matching. This extends the work of Petersen [22] , who showed that a 3-regular graph without cut-edges contains a perfect matching.
Recently, Cioabȃ, Gregory, and Haemers [10] found the best possible conditions on the eigenvalues of a d-regular graph that guarantee the existence of a perfect matching. Their work improved previous results of various authors (see [4, 7, 9, 15] ). In this paper, we determine connections between the eigenvalues of a t-edge-connected dregular graph and its matching number when t ≤ d − 2. Our work can be seen both as an extension of the work of von Baebler and Berge (for lower values of the edgeconnectivity) and as an extension of the results of Cioabȃ, Gregory, and Haemers (for higher values of the edge-connectivity).
Our main result in this direction is the following theorem, whose proof is contained in section 2. Theorem 1.1. Denote by θ the greatest solution of x 3 − x 2 − 6x + 2 = 0, and let
In section 5, we present examples that show that our result is best possible when t when d is odd, and they showed that this inequality implies the result of Henning and Yeo from [12] .
The number of balloons is also related to other combinatorial invariants such as the total domination number of G (see [19] ) and the number of cut-edges in G. If c(G) denotes the number of cut-edges of G, then b(G) ≤ c(G) when c(G) ≥ 2. Motivated by the connections between balloons and these combinatorial invariants, we study the relationship between the number of balloons in G and its eigenvalues. Our result is the following theorem, whose proof is contained in section 3.
If k is an integer with k ≥ 3 and G is a connected d-regular graph such that
In section 3, we also show for each d that this result is best possible for infinitely many values of k by presenting examples of d-regular graphs H having λ k (H) = θ(d) and b(G) = k.
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Note that for k = 2, the following result was proved in [8] . Theorem 1.3 (see [8] ). Let d be an odd integer with d ≥ 3, and denote by γ(d) the largest root of
Many authors have studied the number of cut-edges or, more generally, the number of smallest edge-cuts of a graph (see [6, 13, 16, 18] ). In this paper, we determine a relationship between eigenvalues and a parameter closely related to the number of smallest edge-cuts. If G is a t-edge-connected graph, then let b t (G) denote the maximum number of pairwise disjoint connected subgraphs H 1 , . . . , H l of G with the property that e(V (
Our main result in this direction is the following theorem, whose proof is contained in section 4. Theorem 1.4. Let d and t be two integers of the same parity with d > t ≥ 1. If p ≥ 3 is an integer and G is a t-edge-connected d-regular graph with
In section 4, we also show for each d that this result is best possible for infinitely many values of p by presenting examples of d-regular t-edge-connected graphs H having λ p (H) equal to the right-hand side of (2) and b t (G) = p.
We remark that, for t = 2 and p = 2, the following result was proved in [8] .
The main tool in our arguments is eigenvalue interlacing (see [5, 11, 14] ). Let λ j (M ) be the j-th largest eigenvalue of a matrix M . Lemma 1.6 (Interlacing Theorem). If A is a real symmetric n × n matrix and B is a principal submatrix of A with order m × m, then, for 1 ≤ i ≤ m,
This theorem implies that if H is an induced subgraph of a graph G, then the eigenvalues of H interlace the eigenvalues of G.
Consider now a partition V (G) = V 1 ∪ · · · ∪ V s of the vertex set of G into s nonempty subsets. For 1 ≤ i, j ≤ s, let b i,j denote the average number of neighbors in V j of the vertices in V i . The quotient matrix of this partition is the s × s matrix whose (i, j)-th entry equals b i,j . The eigenvalues of the quotient matrix interlace the eigenvalues of G. This partition is equitable if, for each 1 ≤ i, j ≤ s, any vertex v ∈ V i has exactly b i,j neighbors in V j . In this case, the eigenvalues of the quotient matrix are eigenvalues of G, and the spectral radius of the quotient matrix equals the spectral radius of G (see [5, 11] for more details).
2. Proof of Theorem 1.1. The deficiency def(S) of a vertex set S in G is defined by def(S) = o(G − S) − |S|, where o(H) is the number of components of H having an odd number of vertices. Tutte [24] proved that a graph G has a perfect matching if and only if def(S) ≤ 0 for all S ∈ V (G). The equivalent Berge-Tutte formula (see Berge [3] and also [17, 20] ) states that
Lemma 2.1. Let G be a t-edge-connected d-regular graph with n vertices, and let r be an integer with r ≥ 2.
Proof. Let S be a subset of G with maximum deficiency.
By the degree-sum formula, d and t i have the same parity. Because G is t-edge-connected, we have t i ≥ t when d ≡ t (mod 2) and t i ≥ t + 1 when d ≡ t + 1 (mod 2).
We will prove the lemma for d ≡ t (mod 2). The proof of the other case is similar and will be omitted.
By counting the edges between S and
We claim that there are at least 
which is a contradiction. Here we used the inequality x > x −1 for any real number x.
This fact and Lemma 1.6 imply
which finishes the proof.
We are now ready to present the proof of Theorem 1.1. Proof. For x ∈ {t, t + 1}, we have p = . This and Lemma 2.1 imply the desired result.
Corollary 2.2 (Cioabȃ, Gregory, and Haemers [10] ). Let p be an integer with
Proof. Take t = 1 in Theorem 1.1. Corollary 2.3. Let d and t be two integers with d ≥ 3 and
In Figure 1 , we present an example of a 2-edge-connected 4-regular graph H 1 having λ 4 (H 1 ) < ρ(4) = 1 + √ 7 = λ 3 (H 1 ); our result applies here, but the earlier result does not. In Figure 2 , we present a 2-edge-connected 5-regular graph satisfying λ 5 (H 2 ) = 2 < ρ(5) = 1 + √ 13 = λ 3 (H 2 ). The existence of the perfect matching in these graphs will follow by taking edge-connectivity into account and by using Corollary 2.3, but it cannot be deduced using the results from [10] . Similar examples can be constructed for larger values of d. 
Proof
Proof. Partition the vertex set of B d in three parts: the vertex of degree d − 1, its neighbors, and the remaining two vertices. This partition is equitable, and its quotient matrix is 
The characteristic polynomial of this quotient matrix equals
Because the partition is equitable, we conclude that the spectral radius of B d equals the largest root of this polynomial (see [11] ). This finishes the proof.
A result from [9] and a simple manipulation yield the following bounds:
. . Because m is odd, the only remaining case is m = 7. In this case, each graph H has one vertex u of degree 2 and six vertices of degree 3. We have two cases depending on whether the neighbors of u are adjacent.
If the neighbors of u are adjacent, then H is the graph pictured in Figure 3 , and its spectral radius is greater than 2.91, which exceeds λ 1 (B 3 ). If the neighbors of u are not adjacent, then H is one of the three graphs pictured in Figure 4 . The spectral radii of these graphs are greater than 2.9, which exceeds λ 1 (B 3 ). Note that every balloon of a d-regular graph satisfies the conditions of the previous lemma.
Proof of Theorem 1.2. We prove the contrapositive:
Let H 1 , . . . , H k be k balloons of G. These balloons are pairwise disjoint, and H 1 ∪ · · · ∪ H k is an induced subgraph of G. Note that H 1 ∪ H 2 might not be an induced subgraph of G when G contains exactly two balloons. The previous lemma and Lemma 1.6 imply that Removing the m vertices of X yields a disconnected graph with 2m components, each isomorphic to B d . Lemma 1.6 implies
For d = 3, we can construct a 3-regular graph G k with λ k (H) = θ(3) and b(G k ) = k for any k ≥ 3. Consider a tree of order n whose degrees are 1 or 3. If k is the number of leaves, then 2(n − 1) = k + 3(n − k); thus n = 2k − 2. Identify each leaf with the neck of a copy of B 3 . If G k is the resulting graph, then G k is 3-regular and b(G k ) = k. Remove the vertices adjacent to a neck of a balloon. There are t ≤ n − k = k − 2 such vertices. By Lemma 1.6, we obtain
Each of these examples can be transformed into an infinite family of examples by replacing one balloon B d or B 3 by a larger balloon. Let d and t be two integers of the same parity with d > t ≥ 1. Define the graph B d,t as follows:
Lemma 4.1. The spectral radius of B d,t equals
if d and t are odd.
Proof. We prove this lemma only in the case when d and t are even. The proof of the other case is similar and is omitted.
Let V 1 and V 2 be the subsets of vertices of degree d and degree d − 1 in B d,t , respectively. From the definition of B d,t , it is easy to see that
is equitable, and its quotient matrix is
The characteristic polynomial of the quotient matrix is x 2 −(d−2)x−2d+t. Because the partition is equitable, we deduce that the spectral radius of B d,t equals the largest root of this polynomial, which is
follows easily using the inequality √ x 2 + a < x + a 2x for x > 0. This finishes the proof. .
Eigenvalue interlacing (see [5, 11] or the last part of section 1) implies 2 . We use inequality (9) to obtain λ 1 (H) ≥ λ 1 (B d,t ). Equality occurs if the partition V (H) = V 1 ∪ V 2 is equitable. This happens when
Case 2. r = 0. In this case, e 1 = d+2−t 2
, and each vertex of V 1 is adjacent to all but one vertex of V 2 . Thus, e 12 = n 1 (n 2 − 1) = (d + 2 − t)(t − 1). This and 2e
. In this case, the characteristic polynomial ofÃ is the following:
We obtain
Thus,
where the last inequality follows by straightforward calculations as t < d + 2. We conclude that the largest root ofÃ is larger than λ 1 (B d,t ). By eigenvalue interlacing, this means
Consider the partition of V (H) into three parts: the 2r vertices inducing an M 2r in H, the other d + 2 − t − 2r vertices of degree d in V 1 , and the remaining t vertices. The quotient matrix of this partition is
Dividing the characteristic polynomial P A3 (x) of A 3 by x 2 + (3 − d)x + t − 3d, we obtain (10)
. This expression is negative because r ≤ d−t 2 and λ 1 (B d,t ) < d. Thus, the largest root of P A3 (x) is greater than λ 1 (B d,t ). Eigenvalue interlacing (see [5, 11] ) implies λ 1 (H) > λ 1 (B d,t ) and finishes the proof.
We can now prove Theorem 1.4. Proof of Theorem 1.4. We can assume that G has edge-connectivity t. If b t (G) ≥ p, there exist at least p disjoint connected subgraphs X 1 , . . . , X p of G that satisfy the conditions of Lemma 4.2. Because p ≥ 3, X 1 ∪ · · · ∪ X p is an induced subgraph of G. Lemma 4.2 and Lemma 1.6 imply
We present now a construction for fixed d showing that Theorem 1.4 is best possible for infinitely many values of p.
Let t be an integer of the same parity as d with d > t ≥ 1. Also let p ≥ 3 be a positive integer such that pt d is also an integer. Let Y be a t-edge-connected bipartite graph with color classes P and Q such that |P | = p and |Q| = pt d < k. Assume also that each vertex in the color class P has degree t and that each vertex in Q has degree d. See [21] for a proof of the existence of such graphs.
For each vertex x ∈ P , consider its neighbors x 1 , . . . , x t ∈ Q. Remove x, and add t new vertices y 1 , . . . , y t such that y i is adjacent to x i for each 1 ≤ i ≤ t. Identify y 1 , . . . , y t with the t vertices of degree d − 1 from a copy of B d,t . The resulting graph H is d-regular and t-edge-connected (see [21] for a short proof of this fact) and has q + p(d In Figure 5 , we illustrate this construction when d = 4 and Y = K 4,2 .
